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SUMMARY 
T h i s  paper  p r e s e n t s  a computer -a ided d e s i g n  p rocedure  f o r  g e n e r a t i n g  b e v e l  
g e a r s .  The development  i s  based on  examin ing  a p e r f e c t l y  p l a s t i c ,  cone-shaped 
gear  b l a n k  r o l l i n g  o v e r  a c u t t i n g  t o o t h  on  a p l a n e  crown r a c k .  The r e s u l t i n g  
m i m p r e s s i o n  on  t h e  p l a s t i c  gea r  b l a n k  i s  t h e  enve lope  o f  t h e  c u t t i n g  t o o t h .  
d T h i s  i m p r e s s i o n  and enve lope  t h u s  form a c o n j u g a t e  t o o t h  s u r f a c e .  E q u a t i o n s  
w I a r e  p r e s e n t e d  f o r  t h e  l o c u s  o f  p o i n t s  on  t h e  t o o t h  s u r f a c e .  The same p roce -  
du res  a r e  t h e n  ex tended t o  s i m u l a t e  t h e  g e n e r a t i o n  o f  a s p i r a l  b e v e l  g e a r .  
The c o r r e s p o n d i n g  g o v e r n i n g  e q u a t i o n s  a r e  p r e s e n t e d .  
INTRODUCTION 
Beve l  gea rs  a r e  t h e  p r i n c i p l e  means of m o t i o n  and power t r a n s m i s s i o n  
between i n t e r s e c t i n g  s h a f t s .  T h e i r  use i s  w idesp read .  The g e o m e t r i c a l  cha- 
r a c t e r i s t i c s  o f  beve l  gears  have l o n g  been documented by t h e  Amer ican Gear 
M a n u f a c t u r e r s '  A s s o c i a t i o n  (AGMA, 1964) and o t h e r s  (Dud ley ,  1962; Dyson, 1969; 
Bons igno re ,  1976; L i t v i n  e t  a l . ,  1975, 1982, 1983; B a x t e r ,  1966; Huston  and 
Coy, 1981,1982a,b>. Recent  advances i n  computer -a ided d e s i g n  p r e s e n t  o p p o r t u -  
n i t i e s  for  a new look a t  t h e  geomet ry  o f  these  g e a r s .  These computer-based 
p r o c e d u r e s  a l s o  p r o v i d e  a means f o r  o p t i m i z i n g  t h e  geomet ry .  
I n  a p r e v i o u s  paper  (Chang, Huston,  and Coy, 1984) we have demons t ra ted  
t h e  f e a s i b i l i t y  o f  t h i s  p r o c e d u r e  t o  d e t e r m i n e  a spu r  gea r  t o o t h  p r o f i l e .  
b a s i c  i d e a  was t o  use t h e  enve lope  o f  a f a m i l y  o f  c u r v e s  t o  d e v e l o p  an i n v o -  
l u t e  spu r  gea r  t o o t h  p r o f i l e .  The s t u d y  demons t ra ted  t h a t  t h e  enve lope  of an 
i n c l i n e d  s t r a i g h t - l i n e  segment on a r o l l i n g  gear  b l a n k  i s  an i n v o l u t e  of a c i r -  
c l e .  The i n c l i n e d  l i n e  segment i n  t u r n  r e p r e s e n t e d  t h e  r a c k  t o o t h  o f  a hob 
c u t t e r .  Such a p r o c e d u r e  p r o v i d e s  a means f o r  a n a l y t i c a l l y  and n u m e r i c a l l y  
d e t e r m i n i n g  t h e  t o o t h  p r o f i l e ,  g i v e n  a c u t t e r  p r o f i l e .  
The 
*Work funded  under  NASA G r a n t  NAG3-188. 
In the current paper we extend these ideas to the generation of both 
straight and spiral bevel gears. The paper itself is divided into four sec- 
tions with the section following the Symbols providing preliminary ideas use- 
ful in this sequel. The next two sections describe the formulation of string 
and spiral bevel gear tooth surfaces. This is followed by a discussion of 
applications. 
I SYMBOLS 
The following symbols are used in the section for development of a 
straight bevel gear tooth. 
Rm Mean radius of crown gear in pitch plane 
[RI Coordinate transformation matrix; from 5 to S 
CR11 Coordinate transformation matrix; from S1 to S 
[R21 Coordinate transformation matrix; from S2 to S1 
[R31 Coordinate transformation matrix; from 5 to S2 
r Position vector in S 
Position vector in P - 
ri j Components of [Rl 
I S(X,Y,Z) Cartesian coordinate system stationary with ground 
I 5 t i i , F , P )  Cartesian system stationary with generated gear 
I 
I 
S1(X1,Y1,Z1) Intermediate Cartesian coordinate system 
S2(X2,Y2,Z2) Intermediate Cartesian coordinate system 
XP Projection of axis on crown gear pitch plane 
a Angular position of gear referenced to system S 
A 
a0 Initial angular position of gear 
Y Pitch angle of pinion 
e Angle of rotation of generated gear 
0 Complement of pressure angle of cutter 
v Cutter's orientation angle on pitch plane 
The following symbols are used in the section for development of a spiral 
bevel gear tooth. 
B Derivative of 'i with respect to $2 - 
2 
M 
Components of B 
aei j/a$2 
Coordinate transformation matrix; from S2 to Sc 
Components of CEI 
Horizontal machine setting of cutter 
Addendum of cutter tooth (pitch to tip) 
Number of teeth in crown gear 
Number of teeth in generated gear 
Coordinate transformation matrix; from Si t o  Sc 
Coordinate transformation matrix; from Sg to S i  
Coordinate transformation matrix; from Sp to Sg 
on matrix; from S2 to Sp 
n pitch plane 
[Rp21 Coordinate transformat 
rC Mean radius of cutter 
rC Position vector in Sc 
Position vector in Sg 
Position vector in Sp 
F1 Position vector in S i  













an coordinate system stationary with cutter 
an coordinate system stationary with gear w 
an coordinate system stationary with pinion 
at 02 
an coordinate system stationary with ground 
at Og 








T Coordinate translation transformation matrix; from S2 to SC 
3 
.., 
T1  c 
T9P 













C o o r d i n a t e  t r a n s l a t i o n  t r a n s f o r m a t i o n  m a t r i x ;  from Sc t o  S i  
C o o r d i n a t e  t r a n s l a t i o n  t r a n s f o r m a t i o n  m a t r i x ;  from Sp to  Sg 
Components o f  T 
V e r t i c a l  machine s e t t i n g  o f  c u t t e r  
.., 
Angu la r  speed r a t i o  
Z c  i n t e r c e p t  o f  c u t t e r  s u r f a c e  
S u r f a c e  c o o r d i n a t e  o f  c u t t e r  
Root a n g l e  o f  p i n i o n  
P i t c h  a n g l e  o f  p i n i o n  
Ang le  o f  r o t a t i o n  o f  s y s t e m  Sc r e f e r e n c e  t o  S i  
Ang le  o f  r o t a t i o n  o f  gear  
Ang le  o f  r o t a t i o n  o f  gear  b l a n k  
I n i t i a l  a n g u l a r  p o s i t i o n  o f  gear  
Complement o f  p r e s s u r e  a n g l e  o f  c u t t e r  edge 
R o t a t i o n  r a t e  o f  gea r  
R o t a t i o n  r a t e  o f  p i n i o n  
ENVELOPE OF A FAMILY OF SURFACES 
C o n s i d e r  a f a m i l y  o f  s u r f a c e s  r e p r e s e n t e d  by  an e q u a t i o n  o f  t h e  form 
F ( x l , x 2 , x 3 , t )  = 0 w i t h  a pa ramete r  t .  L e t  S be a s u r f a c e  o f  t h e  f a m i l y  and 
l e t  i t  be i n t e r s e c t e d  by  n e i g h b o r i n g  sur faces  SI. I f  S and S '  c o r r e s p o n d  
t o  t h e  v a l u e s  t and t + A t ,  t h e  c u r v e  i s  r e p r e s e n t e d  by  
e q u a t i o n s  
I t  may a l s o  be r e p r e s e n t e d  by  t h e  e q u a t i o n s  
F ( x  , X  , X  , t  + A t )  - F(x l ,x2 ,X3, t )  
= o  1 2 3  A t  
t h e  s i m u l t a n e o u s  
( 1  
4 
The su r face  [ F ( x i Y x 2 , x 3 , t  + A t )  - F ( x 1 , x 2 , ~ 3 , t ) l / A t  = 0 goes t h r o u g h  t h e  c u r v e  
common t o  t h e  two s u r f a c e s  F ( x l , x 2 , x 3 , t >  = 0 and 
When S '  approaches S as a l i m i t  ( i . e . ,  when A t  approaches z e r o )  t h e  i n t e r -  
s e c t i o n  c u r v e  w i l l  approach a l i m i t i n g  c u r v e .  T h i s  c u r v e  i s  g i v e n  b y  
F ( x l , x Z , x 3 , t  + A t )  = 0. 
F ( x l , x 2 , x 3 , t >  = 0 
aF - ( x  x x , t> = 0 a t  1 '  23 3 
E q u a t i o n  (31 ,  when t i s  f i x e d ,  r e p r e s e n t s  a c u r v e  on  t h e  s u r f a c e  o f  t h e  fam- 
i l y .  The same e q u a t i o n ,  w i t h  t v a r i a b l e ,  w i l l  r e p r e s e n t  a f a m i l y  o f  c u r v e s  
and w i l l  g e n e r a t e  a su r face .  T h i s  su r face  i s  t h e  enve lope  o f  t h e  g i v e n  fam- 
i l y .  The r e s u l t  o f  e l i m i n a t i n g  t i s  t h e  e q u a t i o n  o f  t h e  enve lope  ( G r a u s t e i n ,  
1935) .  
I n  t h e  two-d imens iona l  case t h e  enve lope  of a f a m i l y  o f  c u r v e s  i s  a c u r v e  t a n -  
g e n t  t o  t h e  g i v e n  f a m i l y .  For example, t h e  enve lope  g i v e n  by  an i n c l i n e d  
s t r a i g h t - l i n e  segment on  a r o l l i n g  gear  b l a n k  i s  f o u n d  t o  be an i n v o l u t e  o f  a 
c i r c l e  (Chang, Huston ,  and Coy, 1984) .  
I n  t h e  f o l l o w i n g  s e c t i o n s  these  p rocedures  a r e  g e n e r a l i z e d  t o  s i m u l a t e  t h e  
s t r a i g h t  beve l  and s p i r a l  beve l  gear  t o o t h  su r face  g e n e r a t i o n  p r o c e s s .  The 
f a m i l y  o f  s u r f a c e s  c r e a t e d  by  t h e  c u t t e r  genera tes  an enve lope  i n  t h e  gear  
b l a n k .  The enve lope  i n  t h e  gear  b l a n k  t h e n  forms a c o n j u g a t e  t o o t h  s u r f a c e .  
DEVELOPMENT OF A STRAIGHT BEVEL GEAR TOOTH SURFACE 
The c u t t e r  used f o r  t h e  s u r f a c e  g e n e r a t i o n  o f  a s t r a i g h t  b e v e l  gea r  t o o t h  
i s  c a l l e d  t h e  b a s i c  crown r a c k .  F i g u r e  1 d e p i c t s  t h e  m a c h i n i n g  model o f  t h e  
s t r a i g h t  b e v e l  gea r  t o o t h  g e n e r a t i o n  p r o c e s s .  The b a s i c  crown r a c k  R i s  con- 
s i d e r e d  t o  be f i x e d  on  t h e  i m a g i n a r y  crown gear  p i t c h  p l a n e  C as a r a c k  s t e p ,  
as d e p i c t e d  i n  F i g .  2 .  The g e n e r a t e d  gear  b l a n k  G i s  a cone w i t h  t h e  v e r t e x  
a t  t h e  machine c e n t e r  0. The gear  b l a n k  i s  a l l o w e d  t o  r o l l  on  t h e  crown gear  
p i t c h  p l a n e  C. The crown gear  p i t c h  p l a n e  i s  an i m a g i n a r y  f i x e d  p l a n e .  When 
t h e  gear  b l a n k  r o l l s  o v e r  t h e  crown r a c k  s t e p ,  t h e  enve lope  o f  t h e  b a s i c  crown 
r a c k  forms t h e  tooth s u r f a c e  o f  t h e  s t r a i g h t  b e v e l  g e a r .  
The c o o r d i n a t e  s y s t e m  used t o  deZcL ibe- the  crown g e a r  i s  S ( X , Y , Z , >  w i t h  
o r i g i n  a t  0. The c o o r d i n a t e  sys tem S ( X , Y , Z >  i s  f i x e d  on  t h e  gear  b l a n k  w i t h  
o r i g i n  a t  0. The gear  b l a n k  i s  a l l o w e d  t o  r o t a t e  t h r o u g h  an a n g l e  0 abou t  
2.  The p i t c h  a n g l e  o f  t h e  gear  b l a n k  i s  denoted  as y. The i n i t i a l  p o s i t i o n  
of t h e  gear  b l a n k  i s  d e f i n e d  by  a n g l g  ao, wh ich  i s  t h e  a n g l e  between t h e  
a x i s  X and-the p r o j e c t i o n  o f  t h e  X a x i s  on  t h e  crown gear  p i t c h  p l a n e ,  
deno ted  b y  X . D u r i n g  t h e  gear  b l a n k  r o l l i n g  m o t i o n  t h e  a n g u l a r  p o s i i i o n  of 
t h e  gear  blan! i s  d e f i n e d  by  a n g l e  a, where a i s  measured between Xp and 
X .  From t h i s  geomet ry  we o b t a i n  t h e  r e l a t i o n  between 8 and CI as 
a = uo - 8 t a n  y ( 4 )  
The c o o r d i n a t e  system 3 may be o b t a i n e d  by  c o o r d i n a t e  t r a n s f o r m a t i o n  of 
t h e  sys tem S i n  t h e  f o l l o w i n g  s t e p s :  
5 
Step A x i s  o f  Ang le  C o o r d i n a t e  I I r o t a t i o n  I t u r n e d  1 s y s t e m  r -  o I -- 1 -- I A t  X Y Z  i n i t i a l l y  
The i n d i c a t e d  r o t a t i o n  m a t r i c e s  a r e  
cos a - s i n  a 0 
COS a 0 
0 1 
s i n  y 
- s in  y 
cos y 
O 1  
I 0 cos 0 - s i n  8 0 s i n  0 cos 0 
m a t r i x  
R3 
( 5 )  
(6) 
( 7 )  
The p o s i t i o n _ v g c i o r s  r w i t h  t h e  components ( x , y , z >  and- ?g w i t h  t h e  
components ( x , y , z >  l o c a t i n g  a t y p i c a l  p o i n t  i n  S and S a r e  r e l a t e d  by t h e  
e x p r e s s i o n  
? = [ R 1 1  CR2I [R3 l?g  = [ R l F g  ( a )  
From Eqs. ( 5 )  t o  ( 7 )  t h e  e lemen ts  o f  [ R I ,  r i j ( i , j  = 1 , 3 ) ,  a r e  I ‘11 = cos u cos y ‘12 = -cos u s i n  y s i n  e - s i n  a cos 8 r 1 3  = -cos u s i n  y cos e + s i n  a s i n  8 ‘21 = s i n  a cos y ‘22 = - s i n  a s i n  y s i n  8 + cos a cos 8 ‘23 = - s i n  a s i n  y cos e - cos a s i n  0 r 3 1  = s i n  y r 3 2  = s i n  0 cos y ‘33 = cos e cos y ( 9 )  
I 6 
EQUATION FOR CROWN RACK AND STRAIGHT BEVEL GEAR TOOTH SURFACE 
The b a s i c  crown r a c k  may be v iewed as a s t r a i g h t  c u t t i n g  b l a d e  r e c i p r o c a t -  
i n g  i n  t h e  r a d i a l  d i r e c t i o n .  The t o o t h  s u r f a c e  o f  t h e  r a c k  t h u s  forms an 
i n c l  i n e d  p l a n e  p a s s i n g  t h r o u g h  t h e  crown gear  c e n t e r .  The p i t c h  p l a n e  of t h e  
c u t t e r  s u r f a c e  i s  shown i n  F i g .  2 .  The normal p l a n e  v iew  i n  F i g .  3 shows t h e  
r a c k  p r o f i l e .  
system S as 
The e q u a t i o n  o f  t h e  r a c k  s u r f a c e  may be exp ressed  i n  t e r m s  of 
x t a n g - y - z c o t + = O  (10) 
where 9 i s  t h e  a n g l e  between t h e  c u t t e r  f a c e  and t h e  X Z  p l a n e ,  and + i s  
The c u t t e r ' s  s u r f a c e  may be expressed i n  terms o f  t h e  gear  b l a n k ' s  sys tem S 
by s u b s t i t u t i n g  Eqs. ( 8 )  and ( 9 )  i n t o  Eq. (10) .  T h i s  l e a d s  t o  
t h e  complement o f  t h e  p r e s s u r e  a n g l e  of t h e  c u t t e r  as shown i n  F i g .  2 .  n 
n 
x [ ( t a n  g cos u - s i n  d c o s  y - cot + s i n  y l  
+ ? [ s i n  y s i n  0 ( s i n  a - t a n  9 cos a> - cos e ( c o s  a + t a n  g s i n  a> 
- cot + cos y s i n  01 
+ ? [ s i n  y cos e ( s i n  a - t a n  9 cos a> - s i n  w c o s  a + t a n  g s i n  a> 
- Cot + COS y COS 01 = 0 = F ( x , Y , z , ~ )  ~ n n  ( 1 1 )  
F o l l o w i n g  t h i s  p r o c e d u r e ,  t o  d e t e r m i n e  t h e  enve lope o f  t h e  c u t t e r  su r face  
on  t h e  g e n e r a t e d  gear  b l a n k ,  we e v a l u a t e  t h e  p a r t i a l  d e r i v a t i v e  o f  Eq. ( 1 1 )  
w i t h  r e s p e c t  t o  parameter  0, t h e  r o t a t i o n  a n g l e  o f  t h e  gear  b l a n k .  
p roduces  t h e  r e l a t i o n  
T h i s  
h 
x [ s i n  y ( t a n  4 s i n  u + cos d l  
+ ? [ s i n  0 ( 1  - s i n  y t a n  y>(cos a + t a n  g s i n  a )  
+ cos W s i n  y - t a n  y > ( s i n  a - t a n  g cos a> - cot + cos y cos 01 
+ ? [cos  mi - s i n  y t a n  y > ( c o s  a + t a n  q~ s i n  a> 
- s i n  M s i n  y - t a n  y > ( s i n  u - t a n  g cos a> + c o t  + cos y s i n  01 = 0 ( 1 2 )  
L e t  
and 5 may be e v a l u a t e d  i n  t e r m s  o f  x .  Observe t h a t  s i n c e  t h e  c o e f f i c i e n t s  
a r e  f u n c t i o n s  o f  0, t h e  t o o t h  s u r f a c e  has t h e  p a r a m e t r i c  form 
be an independen t  v a r i a b l e .  Then, from Eqs. ( 1 1 )  and (121, ? 
h 
n h  
x = x  
( 1 3 )  
7 
m 
where x and 0 a r e  t h e  s u r f a c e  c o o r d i n a t e s .  E q u a t i o n  (13)  r e p r e s e n t s  t h e  
enve lope  o f  t h e  r a c k  r e l a t i v e  t o  t h e  gear  b l a n k .  T h i s  r e p r e s e n t s  t h e  t o o t h  
su r face  o f  t h e  s t r a i g h t  beve l  g e a r .  
DEVELOPMENT OF A SPIRAL BEVEL GEAR TOOTH SURFACE 
A s p i r a l  beve l  gear  t o o t h  s u r f a c e  i s  deve loped i n  a s i m i l a r  manner. F i g -  
u r e  4 d e p i c t s  a c i r c u l a r  c u t t e r  g e n e r a t i n g  a s p i r a l  beve l  g e a r .  The c u t t e r  i s  
mounted on  t h e  c r a d e l  o f  a g e n e r a t i n g  machine.  When t h e  c u t t e r  r o t a t e s  a b o u t  
i t s  own a x i s ,  i t  forms a s u r f a c e  t h a t  s i m u l a t e s  a crown gear .  A s  t h e  c r a d l e ,  
and hence t h e  c u t t e r ,  r o t a t e s  abou t  Zg a t  t h e  r a t e  og and t h e  gear  b l a n k  
r o t a t e s  abou t  Zp a t  t h e  r a t e  up, t h e  c u t t e r  w i l l  genera te  a s p i r a l  b e v e l  
g e a r .  The c u t t i n g  speed i s  i ndependen t  o f  w and up. I t  i s  n o t  r e l a t e d  t o  
t h e  k i n e m a t i c s  o f  t o o t h  g e n e r a t i o n .  
s i m p l y  
The r e l a ? i o n  between og and wP i s  
WpJWg = N g J N p  (14 )  , 
where Ng and Np a r e  t h e  numbers o f  t e e t h  i n  t h e  crown gear  and g e n e r a t e d  
gear, respectively. 
The c o o r d i n a t e  sys tem used t o  d e s c r i b e  t h e  crown gear  i s  S 1 ( X 1 , Y 1 , Z I )  
w i t h  o r i g i n  a t  01 .  The crown gear  G w i t h  frame S1 f i x e d  i n  G r o t a t e s  
t h r o u g h  an a n g l e  91 a b o u t  Z w i t h  r e s p e c t  t o  a g l o b a l  c o o r d i n a t e  sys tem 
S g ( X y , Y g , Z g >  w i t h  t h e  o r i g i n  a? Og as i n  F i g .  4. The p o s i t i o n  v e c t o r s  ‘1, 
w i t h  t h e  components ( X I  ,y1 , z l > ,  and 
i n g  a p o i n t  i n  S1 and Sg a r e  r e l a t e d  by t h e  e x p r e s s i o n  ( see  F i g .  !) 
- 
Fg, w i t h  t h e  components ( xg ,yg ,z  ) ,  l o c a t -  
where [ R i g ]  i s  an o r t h o g o n a l  t r a n s f o r m a t i o n  m a t r i x  g i v e n  by  
L e t  a c o o r d i n a t e  sys tem S,(Xc,Yc,Zc> be f i x e d  on t h e  c u t t e r  w i t h  o r i g i n  
a t  O c ( H , V , O > .  L e t  H and V be t h e  h o r i z o n t a l  and v e r t i c a l  machine s e t t i n g s  
( see  F i g .  5 ) .  The c u t t e r  r o t a t e s  t h r o u g h  an a n g l e  0 abou t  a x i s  Z,. Posi- 
t i o n  v e c t o r s  F C ,  w i t h  t h e  components ( x c , x c , z c )  l o c a t i n g  a p o i n t  r e l a t i v e  t o  
S, and 71 a r e  r e l a t e d  by  t h e  e x p r e s s i o n  
8 
where C R c l l  and ?lC a r e  
CRcl l  = 
? 
cos 8 s i n  8 0 
- s i n  0 cos 8 0 
0 0 1 
A 
and 
[cos +2 - s i n  +2 0- 
s i n  +2 cos +2 0 
0 0 1 - 
( 1 8 )  
(19 )  
L e t  t h e  c o o r d i n a t e  system S2(X2,Y2,22) be f i x e d  i n  t h e  gear  b l a n k .  L e t  
S2 r o t a t e  t h r o u g h  an a n g l e  92 abou t  Z p  w i t h  r e s p e c t  t o  a second g l o b a l  
c o o r d i n a t e  sys tem Sp(Xp,Yp,Zp> (see F i g s .  4 ,  6, and 7 ) .  The p o s i t i o n  vec-  
t o rs  FP, w i t h  t h e  components (xp ,yp ,zp) ,  and 72, w i t h  t h e  components 
( x2 ,y2 ,22 ) ,  l o c a t i n g  a p o i n t  i n  Sp and S2 a r e  r e l a t e d  by  t h e  e x p r e s s i o n  
(20 )  
.” 
rp = CRp21 ?2 
where t h e  t r a n s f o r m a t i o n  m a t r i x  CRp21 from S2 t o  Sp i s  g i v e n  by  
CRp21 = (21  1 
a r e  r e l a t e d  by  t h e  root  
a n g l e  y o f  t h e  g e n e r a t e d  gear  - and t h e  - a dendum o t h e  c u t t e r  t o o t h  h ( see  
F i g s .  4, 6 ,  and 8 . )  Hence, rg and rp a r e  r e l a t e d  by t h e  e x p r e s s i o n  
=8 and SF The two g l o b a l  c o o r d i n a t e  systems 
where 
[ R g p l  = 
1 0 0 
0 s i n  y -cos y 
0 cos y s i n  y 
( 2 3 )  
and 
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( 2 4 )  
D u r i n g  t h e  c u t t i n g  p rocess  t h e  s i m u l a t e d  crown gear  r o t a t e s  i n  such a way 
Tha t  
t h a t  t h e  m o t i o n  i s  c o n j u g a t e  w i t h  t h e  g e n e r a t e d  gear  b l a n k .  
p i t c h  e lement  02P i s  an i n s t a n t a n e o u s  a x i s  f o r  these  " c o n j u g a t e  g e a r s . "  
Hence, t h e i r  a n g u l a r  v e l o c i t y  components on  t h e  p i t c h  e lement  a r e  e q u a l .  
i s ,  
I n  F i g .  6 t h e  
where YO i s  t h e  p i t c h  a n g l e  o f  t h e  g e n e r a t e d  g e a r .  I n t e g r a t i n g  Eq. ( 2 5 )  
w i t h  r e s p e c t  t o  t i m e  t h e n  l e a d s  t o  t h e  r e l a t i o n  
0 s i n  y 
$ 1  = cos(yo - y )  $2 + 410 
where 010 i s  a c o n s t a n t  d e t e r m i n e d  by i n i t i a l  c o n d i t i o n s .  
L e t  t h e  c o n s t a n t  pa ramete r  w be d e f i n e d  as 
0 s i n  y w =  cos(yo - y )  
Combin ing  E q s .  ( 1 4 ) ,  ( 2 5 > ,  and (27)  l e a d s  t o  t h e  r e l a t i o n  
( 2 6 )  
( 2 7 )  
( 2 8 )  
N w  W 
P g i, 
CIRCULAR CUTTER SURFACE 
I n  F i g .  9 t h e  r o t a t i o n  o f  t h e  c u t t e r  w i t h  a s t r a i g h t  b l a d e  d e c r i b e s  a con- 
i c a l  s u r f a c e  o f  r e v o l u t i o n  w i t h  v e r t e x  a n g l e  (IT - 290) .  The mean r a d i u s  o f  
t h e  head c u t t e r  measured i n  t h e  p l a n e  Z, = 0 i s  rc .  The apex o f  t h e  cone i s  
a t  V w i t h  c o o r d i n a t e s  (O,O,zo> i n  S c .  The c o o r d i n a t e s  ( x c ,  y c ,  z c )  o f  an 
a r b i t r a r y  p o i n t  C on  t h e  s u r f a c e  o f  r e v o l u t i o n  can t h e n  be exp ressed  by  t h e  
s u r f a c e  c o o r d i n a t e s  z c  and a as 
1 x = ( 2  - z c ) c o t  \I' cos a C 0 0 (29)  
y = ( z  - z c ) c o t  q0 s i n  01 
C 0 
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Equation (29) may also be expressed i n  the form 
f(xc,yc,tc) = tan 2 2 2  qo(xc + y,) - (zo - rc)2 = 0 (30) 
The cut ter  surface may be expressed i n  the gear blank system S by 
subst i tut ing from Eqs. (151, (201, and (22) i n t o  Eq. (17). This lea a s to 
where [El and 7 are defined as 
[ E l  = [Rcl l ~ R l g 1 ~ R g p l [ R p 2 1  (32) 
and 
By subst i tu t ing from Eqs. (161, (181, (191, (231, and (24) into Eqs. (32) and 
(33). the elements o f  [El and 7, e i j  and t i t i , j ,  = 1.3). are found to be 
and 
tl = H cos e + v s i n  e 




Hence, t h e  c u t t e r  s u r f a c e  expressed i n  t h e  S2  c o o r d i n a t e  system may be 
o b t a i n e d  by s u b s t i t u t i n g  from Eqs. (31>, (341,  and ( 3 5 )  i n t o  Eq. (29). Tha t  
i s ,  
( e  1 1  t a n  qo + e31cos  a)x2 + ( e 1 2 t a n  qo + e 32 cos a)y2 + ( e 1 3 t a n  qo + e33cos a)z2 
= ( z o  - t 3 ) c o s  a - tl t a n  yo 
and 
(eZl tan qo + e 31 s i n  a)x2 + ( e  12 t a n  qo + e 3 2 s i n  a)Y2 + ( e 1 3 t a n  yo + e 3 3 s i n  a)z  2 
(36) 0 = ( z o  - t 3 ) s i n  a - t2 t a n  y 
SPIRAL BEVEL GEAR TOOTH SURFACE EQUATION 
Equa t ions  (36) r e p r e s e n t  t h e  g e n e r a t i n g  s u r f a c e  seen by  t h e  gear  b l a n k .  
I n  d e t e r m i n i n g  t h e  enve lope  o f  t h e  c u t t e r  s u r f a c e  on  t h e  gear  b l a n k ,  i t  i s  
u s e f u l  t o  e v a l u a t e  t h e  p a r t i a l  d e r i v a t i v e  o f  r c  i n  Eq. (31) w i t h  r e s p e c t  t o  
t h e  parameter  $ 2 .  Tha t  i s ,  
w 
I 
a;, arz a'i - = + [ E l  q + (37) 
The second t e r m  i s  z e r o  s i n c e  ;2 i s  f i x e d  i n  S2. From Eq. (35) t h e  l a s t  
t e r m  i s  a l s o  z e r o  because t h e  c u t t i n g  speed i s  i ndependen t  o f  t h e  gear  b l a n k  
r o t a t i o n .  L e t  t h e  component o f  t h e  f i r s t  t e r m  be d i j .  Then d i j  can be 
de te rm ined  from E q .  (34>, and Eq. (37) may be r e w r i t t e n  i n  t h e  form 
f - 
2r ,., 
C i j  = 1 ,3>  (38) " I  c -= Cd. . l r2 
a4)2 ' J  
where 
dl l  = - s i n  4, c o s ( 8  + $ 1 ) ( 1  - w s i n  y )  + ( s i n  y - w)cos $ 
d12  = -cos $2 c o s ( 0  + $ 1 ) ( 1  - w s i n  y )  - ( s i n  y - w )  s i n  9, s i n ( 0  + 9,) 
dl 3
d21 = s i n  $2 s i n ( @  + $ 1 ) ( 1  - w s i n  y)  + ( s i n  y - w )  cos $ 
d22 = cos 4, s i n ( @  + ~ $ ~ ) ( l  - w s i n  y) - ( s i n  y - w ) s i n  $2 cOs(8 + $ 1 )  
sin(€) + $ 1 )  2 
= - W  COS cos(e + $ 1 )  
cos(8 + $ 1 )  2 
? 
-w cos y s i n ( 8  + "1' 
d23 = t' 
d31 = COS Y COS $2 
d32 = -cos y s i n  $2 
d33 = 0 
1 2  
E q u a t i o n  (38)  r e p r e s e n t s  t h e  d e r i v a t i v e  o f  t h e  e q u a t i o n  g i v i n g  t r a n s f o r m a -  
t i o n  from t h e  c u t t e r  system t o  t h e  gear  b l a n k  system. 
i n g  t h e  c o n s t r a i n t  e q u a t i o n  o f  t h e  c u t t e r ' s  m o t i o n .  The d e r i v a t i v e  of t h e  
c u t t e r  c o n i c a l  s u r f a c e  w i t h  r e s p e c t  t o  $2, t h e  r o t a t i o n  a n g l e  o f  t h e  gear  
b l a n k ,  i s  (from Eq. (30 ) )  
I t  i s  u s e f u l  f o r  d e r i v -  
( 4 0 )  a z C  + 2(z0 - z ) - = 0 
c 842 
- a f ( x c , y  ,z  ) = 2 tan2q0 ( x c  2 
a?2 c c  
I f  zc  i s  n o t  equa l  t o  20, we may s u b s t i t u t e  from Eqs. (29) and ( 3 8 )  
i n t o  E q .  ( 4 0 ) .  T h i s  l e a d s  t o  
[ t a n  q0(d l1 cos a + d21 s i n  a) + d 3 1 I x 2  + [ t a n  q0(d21 cos a + d22 s i n  a )  
+ d 3 2 1 ~ 2  + [ t a n  qo(d13 cos a t d23 s i n  a )  + d331z2 = 0 (41  1 
E q u a t i o n  (41)  i s  t h e  c o n s t r a i n t  e q u a t i o n  o f  t h e  c u t t e r  m o t i o n  on t h e  gear  
b l a n k .  Combin ing Eqs. (36 )  and ( 4 1 )  forms a s e t  o f  s imu l taneous  e q u a t i o n s  
r e p r e s e n t i n g  t h e  enve lope o f  t h e  c u t t e r  r e l a t i v e  t o  t h e  gear  b l a n k .  The s o l u -  
t i o n  o f  t h e  s imu l taneous  e q u a t i o n s  d e s c r i b e s  t h e  t o o t h  s u r f a c e  i m p r e s s i o n  c r e -  
a t e d  by  t h e  c u t t e r .  Observe t h a t  s i n c e  t h e  c o e f f i c i e n t s  a r e  f u n c t i o n s  o f  ( a ,  
$I>, t h e  s o l u t i o n  has t h e  p a r a m e t r i c  form 
1 x 2  = X 2 ( a 4 )  
( 4 2 )  
where a and $1 a r e  t h e  s u r f a c e  c o o r d i n a t e s  
DISCUSSION 
E q u a t i o n s  ( 1 1 )  t o  (13) and E q s .  (36>, ( 4 1 > ,  and ( 4 2 )  d e t e r m i n e  t h e  c u t t e r  
enve lopes  and hence t h e  gear  t o o t h  s u r f a c e  fo r  s t r a i g h t  and s p i r a l  b e v e l  
g e a r s ,  r e s p e c t i v e l y .  They form t h e  b a s i s  f o r  a n u m e r i c a l  and computer  g r a p h i c  
r e p r e s e n t a t i o n  o f  t h e  t o o t h  s u r f a c e .  I n  t h i s  c o n t e x t  t h e s e  e q u a t i o n s  r e p r e -  
s e n t  an e x t e n s i o n  o f  t h e  p r o c e d u r e  d e s c r i b e d  e a r l i e r  (Chang, Huston ,  and Coy, 
1984) from spur  gea r  t o  b e v e l  g e a r .  The d i f f e r e n c e  h e r e ,  however, i s  t h a t  t h e  
e q u a t i o n s  a r e  more d e t a i l e d  and e x t e n s i v e .  Hence, n u m e r i c a l  and computer  
g r a p h i c  ana lyses  a r e  needed. 
I n  a g e n e r a l  sense t h e  method s i m u l a t e s  t h e  k i n e m a t i c  r e l a t i o n  of a 
cone-shaped gear  b l a n k  and t h e  c u t t e r .  W i t h  t h e  r o t a t i o n  a n g l e  o f  t h e  gear  
b l a n k  b e i n g  t h e  pa ramete r ,  t h e  enve lope  o f  t h e  c u t t e r  p r o f i l e  on  t h e  gear  
b l a n k  d e s c r i b e s  t h e  gear  t o o t h  p r o f i l e .  The s t r a i g h t  and s p i r a l  b e v e l  gea r  
t o o t h  s u r f a c e s  a r e  t h e  forms g i v e n  i n  Eqs. ( 1 3 )  and ( 4 2 ) .  The machine s e t -  
t i n g s ,  t h e  c u t t e r  r a d i u s ,  and t h e  mean cone d i s t a n c e  a r e  t h e  pa ramete rs  t h a t  
can be v a r i e d  i n  a d e s i g n  o p t i m i z a t i o n  a n a l y s i s .  An a c c u r a t e  f i n i t e  e lemen t  
mesh can a l s o  be o b t a i n e d  by  d i s c r e t i z i n g  t h e  t o o t h  s u r f a c e .  
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I n  summary, i t  i s  b e l i e v e d  b y  t h e  a u t h o r s  t h a t  t h e  a n a l y s i s  p r e s e n t e d  
h e r e i n  can form a b a s i s  f o r  numer i ca l  d e s i g n  s t u d i e s  as w e l l  as f o r  s t r e s s  and 
d e f o r m a t i o n  s t u d i e s .  F i n a l l y ,  t h e  method may be r e a d i l y  extended t o  t h e  s t u d y  
o f  n o n i n t e r s e c t i n g  s h a f t  ( h y p o i d )  gea rs .  
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Fig. 8. Relation of Coordinate System 
S, and S, 
Fig. 9. Surface of Revolution of the Cutter 
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